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Abstract 

We introduce and study several amenability properties for unitary 
corepresentations and *-representations of algebraic quantum groups, which 
may be used to characterize amenability or co-amenability of such groups. 
As a background for this study, we also investigate the involved tensor C*- 
categories. 
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1 Introduction 

The concept of amenability plays an important role in the theory of locally 
compact groups and in the theory of operator algebras (see and references 
therein). Quite naturally, the concept of amenability and its companion, co- 
amenability, have been introduced and studied by several authors in various 
settings related to quantum groups (see |3|, If |l|, ||, |, H, ||, |, |, 0, in 
chronological order). 

In this paper, we introduce several concepts of "amenability" for unitary 
corepresentations of analytic extensions of algebraic quantum groups (as defined 
by J. Kustermans and A. van Daele |20| ) : co- amenability (a notion inspired 
by results in ||), amenability (inspired by the concept of amenability of a 
unitary representation of a locally compact group introduced by M. Bekka Q) 
and the weak containment property (inspired by the classical characterization 
of the amenability of a group in terms of weak containment). 

We present several equivalent formulations of these properties, and use them 
to characterize amenability or co-amenability of algebraic quantum groups. Af- 
ter some preliminaries in Section 2, we begin the paper with a categorical 
interlude in Section 3 where we show how the category of non-degenerate *- 
representations of the universal C*-algebraic quantum group associated to an 
algebraic quantum group [ p^ and the category of unitary corepresentations of 
the analytic extension of the dual quantum group (with opposite co-product) 
are naturally isomorphic as tensor C*-categories. This result enables to trans- 
fer all notions introduced for unitary corepresentations to non-degenerate *- 
representations and vice-versa. We also derive the absorbing property of the 
fundamental multiplicative unitary and of the regular representation. In Sec- 
tion 4, we introduce the conjugate corepresentation and the Hilbert-Schmidt 
corepresentation associated with a unitary corepresentation. Section 5 is de- 
voted to co-amenability. Section 6 to amenability and Section 7 to the weak 
containement property, where we also consider briefly property (T) for algebraic 
quantum groups. In Section 8, we gather some remarks on the relationship be- 
tween these amenability concepts. Finally, in Section 9, we specify our study of 
amenability to the setting of algebraic quantum groups of discrete type, where 
it is possible to exploit the structural properties of these quantum groups to 
push our analysis further. 

Every vector space will be over the ground field C. Given a set V, Ly denotes the 
identity map on it (but we simply write t when there is no danger of confusion) . 
If H is a Hilbert space, then (resp. Bo{H)) denotes the algebra of all 

bounded (resp. compact) linear operators acting on H. If ;B is a *-algebra, 
M{B) denotes the multiplier algebra of B. If B is unital, we denote its unit by 
/g, or by / when this causes no confusion. In this case, we set U{B) for the 
unitary group of B. We denote by S{B) the state space of the C*-algebra B. As 
usual ® denotes tensor product; depending on the context, it may be the tensor 
product of vector spaces, the Hilbert space tensor product or the minimal (that 
is, spatial) tensor product of C*-algebras, ® being used for tensor products 
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in the von Neumann algebra setting. However, we often use to stress that 
we are deahng with an algebraic tensor product. If V, W are vector spaces, 
X ■ V (^W ^ W ($iV is the flip map sending v®w to w(>^v {v e V,w £ W) ; if H 
is a Hilbert space then S is the flip map on H^H. We use the leg- numbering 
notation as introduced in 

2 Preliminaries 

Throughout this paper, {A, A) denotes an algebraic quantum group in the sense 
of see also |3, where A: M{A A) is the co-product map. We 
follow notation and use terminology from these papers. Hence, S denotes the 
antipode of {A, A) , e its counit and (/? is a fixed faithful left Haar functional. 
This functional (p s not necessarily tracial (or central). However, there is a 
unique bijective homomorphism p: A ^ A such that ip{ab) — ip(bp{a)), for all 
a,b G A. Moreover, p{p{a*)*) = a. 

The pair (Ar,A.r) denotes the associated analytic extension (which is a re- 
duced locally compact quantum group in the sense of [0), iTr : A ^ Ar C B{H) 
is the (left) regular representation of A acting on the GNS Hilbert space Ti. of 
ip, A : A ^ H is the canonical injection, W S M{Ar Bo{H)) is the asso- 
ciated multiplicative unitary, A4 — A" — Trr{A)" is the von Neumann algebra 
generated by 7rr{A) and R is the anti-unitary antipode (which is defined on A^). 

We denote by {A, A) the dual algebraic quantum group and by (Ar, A,.) the 
associated analytic extension. We recall that A is the subspace of the algebraic 
dual of A, consisting of all functionals aip, where a E A. Here, {a(p){b) — ifiha), 
and similarly, ((pa)(6) = ip{ab), a,b € A. Since (pa = p{a)(p, we have A = 
{ipa I a E A}. 

A right-invariant positive linear functional tp is defined on A by setting 
tpia) = e(a), for all a G A. Here a = aip. Since the linear map, A ^ A, a i—> a, 
is a bijection (by faithfulness of ip), the functional tp is well defined. Further, 
we have tp{b*a) = p{b*a), for all a,b E A. 

As shown in [2^ , one may assume that the regular representation ifr of A 
also acts on H. Accordingly, we identify Ar with the C*-algebra generated by 
Ttr{A) and set M = A'^. A useful fact is that both A4 and M act standardly 
on H. 

We will work quite often with the "opposite" dual quantum group (Ar, A^^op)- 
Note that when we add op as a subscript to a co-product map, we mean by this 
the opposite co-product; that is, the one obtained after "flipping" the original 
map. One reason for working with {Ar, A^^op) is that it corresponds to the dual 
of {Ar,Ar) as defined in Further, the multiplicative unitary associated to 
{An Ar^op) is simply given hy W = which fits with the usual notation 

for multiplicative unitaries and their duals (cf. ^). 

We denote by (A^, A„) the universal (locally compact) C*-algebraic quan- 
tum group associated to {A, A), as introduced by J. Kustermans We recall 
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here some details of his construction. 

The C*-algebra Au is the completion of A with respect to the C*-norm || • ||„ 
on A defined by 

||a||„ = sup{||<i>(a)|| 1$ is a *-homomorphism from A into some C*-algebra} 

(The non-trivial fact that this expression gives a well-defined norm on A is 
shown in ||l9|). The C*-algebra Au has then the universal property that one 
may extend from A to Au any *-homomorphism from A into some C*-algebra. 



The definition of A„ relies on the following proposition |19, Proposition 3.8], 
which we restate here as we will need it in the sequel. 

Proposition 2.1. Consider C*-algebras C'i,C2 and * -homomorphisms (f>i from 
A into A/(Ci) and 02 from A into M{C2) such that (j)i{A)Ci is dense in Ci and 
4>2{A)C2 is dense in C2. Then there exists a unique * -homomorphism (j) from A 
into M{Ci ® C2) such that 



(Mai) ® <?!'2(a2))<?!'(a) = (</>i </'2)((ai ® a2)A(a)) 



and 



(/)(a)(0i(ai) ® Ma2)) = ((/>i (/)2)(A(a)(ai 02)) 
for every ai, 02 £ A. We have moreover that (j){A){Ci 0C2) is dense in Ci 0C2. 

Now, let TTu denote the identity mapping from A into Au- Hence, tTu is an 
injective *-homomorphism from A to Au such that iTuiA) is dense in Au, so 
■Ku{A)Au is dense in Au (as A^ ^ A). By applying the above proposition with 
4>i = 4>2 — T^u and exploiting the universal property of Au, one obtains that 
there exists a unique non-degenerate *-homomorphism : Au M{Au (E)Au) 
such that 

(tTu 7r„)(x)A„(7r„(a)) = {tTu 7r„)(a;A(a)) 



and 



A„(7r„(a))(7r„ Tru){x) = (7r„ 7r„)(A(a)x) 



for all a G ^ and x £ AQ A. 

Being a *-homomorphism from A onto C, the co-unit e of {A, A) extends 
to a *-homomorphism £„ from Au onto C, which is easily seen to satisfy the 
CO- unit property for {Au, A,;). Of course, we identify implicitly here A with its 
canonical copy 7r„(^) inside Au- Note that sometimes we add u as an index to 
denote the extension to Au of a *-homomorphism from A into some C*-algebra, 
and sometimes just use the same symbol to denote the extension when there is 
no danger of confusion. For example, we get a canonical map tt^ : Au — Ar 
which is the extension of tt^ ; »4 — > Ar ■ 

Let now {A, A) be an algebraic quantum group of compact type, that is, A 
has a unit /. It is immediate that {Ar, Aj.) is a compact quantum group in the 
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sense of Woronowicz |34| , with Haar state (pr given by the restriction of the 
vector state uja{i) to Ar- The unique dense Hopf *-subalgebra [|j of {A^ ^r) 
may be identified with {A, A, e, S) ( via the Hopf *-algebra isomorphism tTj.)- 
Using this identification, we may introduce the remarkable family {fz)zeC of 



multiplicative linear functionals on A constructed by Woronowicz (sec [33[ 34|). 

Some of the properties of this family are: /o = £; fz * fz' = fz+z', where 
lli * T] = (oj O ?7)A, uj,ri ^ A'; the maps a fz * a = {l fz)A{a) and 
a ^ a * fz = {fz (S) t)A(a) are automorphisms of A] we have /* = /_j and 
fz° S ^ f-z\ we have (p{ab) = <p[b[fi * a * /i)) and S'^(a) = /^i * a * /i. 

It follows from Theorem 2.12] that M{A), the multiplier algebra of A^ 
may be concretely realized as the subspace of the algebraic dual of A consisting 
of elements such that (6'0t)A(a) and (i0 6')A(a) belong to A for every a € A. 
Hence, in the compact case, we have fz 6 M{A) for all z. 

We also recall that the following three conditions are equivalent: 

Lp is tracial; fz=£ for all z G C; /i = e. 

The following description of algebraic quantum groups of discrete type, that 
is, those which are dual to algebraic quantum groups of compact type, will be 
useful. 

Proposition 2.2. Let (A, A) be an algebraic quantum group of compact type 
and let (U'^)aeA denote a complete set of pair wise inequivalent irreducible uni- 
tary corepresentations of the compact quantum group (Ar,Ar)- Note that we 
have U°' & AQ Md^{C) for some da < oo, when identifying A as the dense 
Hopf *- algebra of Ar- Write each U" as a matrix {uf^) over A and recall that 
the set Span { < i, j < da, a A } is a linear basis for A. Let 

da da 
i=l i=l 

denote the quantum dimension of 11°' . 

Further, set Aa — Span { {ufj)\l < i, j < da } and define 

do 

Pa^Ma J2 /iK^K e-4„- 



Then 
(1) 

where 1 < i, j < da,l 1^ k,l < dp, a, P € A. 
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(2) The set { ({t^ )|l < i, j < da, ct £ A } is a linear basis for Aa- 

(3) Each Aa is a ^-subalgehra of A, which is unital with unitpa- As a ^-algebra, 
Aa is isomorphic to the matrix algebra Md^{C). 

(4) A — ®^ Aa (algebraic direct sum). 

(5) For each a £ A, let Tr^ denote the canonical trace on Aa — Md^{C) 
satisfying Tra{pa) = da- Then 

1p{x) = ®aTra{PaXf-l), X £ A. 

Proof. This result is essentially known (see p. 722]), but we will need the 
explicit description presented here in the sequel. We give a proof for the sake 
of completeness. It relies on the so-called orthogonality relations for the C/q's 
established in ||, |3|. 

(1) With obvious index notation, we have 

r 

= {1/Ma)il/Mp) J2 Sa,f-l{ul)Sr,Sp^f^^{ul)S,l 
r 

= {\/Ma){llMp)5a^5p-,5,if^,{ul)f^,{ui.) 
= {l/Ml)5ap5c.^S,if.^{ul)f.,{ul^) 

= {l/Ma)Sa0f-lKM(^P,yO 
= iil/Ma)Saf3f-lK,)umu;,r), 

and (i) follows. Concerning (ii), we have 

using [ pO| Lemma 7.14]. Further, using (i), we get 

PaU^M = Ma 

i,j 

= Mail/Ma)Saf3 J] /l (u^, 
i 

which is equal to u^iPa by a similar computation. Hence, (Hi) is proved. 

(2) As { ufj\l < i,j < da, a e A } is a linear basis for Aa and the map a ^ d 
is a linear isomorphism between A and A, (2) is clear. 
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(3) The first sentence is an obvious consequence of (1). Now, Aa may be seen as 
a finite dimensional C*-algebra (using the faithfulness of the *-homomorphism 
TTr)- Hence, to show that Aa is isomorphic to Md^(C), it is enough to show that 
if 6 = ■ hiju"-,hij e C, is an element of the center of A"', then b = Xpa, that 
is, 

bij = A/i(u"j) for some X £ C,l < i,j < da- 

Now, using one sees immediately that u^b = bu^ hold for all k and I if, 

and only if, 

for all A;, Z, which in turn is equivalent to 

(*) 6rk^hJ-iiufi) = 6,i^brjf-iiu'^j), yk,l,r,s. 

i 3 

We introduce now the two complex matrices B = {bij) and C = (cij), where 
Cij = Then (*) may be rewritten as 

(**) Srkdis = SsiSrk, V k,l,r,s, 

where dis = J2i cuhs and e^fe = brjCjk- Prom (**), we clearly get 

{BC)si = = {CB),i, s^l; {BC)u = {BC)kk, 

hence that BC = CB is a complex multiple A of the identity matrix. But C is 
invertible, with inverse = (c^j), where c-^- = Indeed, we have 

3 3 

Therefore, we can conclude that B = XC~^, that is, bij = A/i(u"J. This etab- 
lishes (3). 

(4) is an easy consequence of the previous assertions. 

(5) Fix now a & A and define a linear functional r on Aa by 

t(x) = (l/M„)V>(x/i), X€Aa. 

To show (4), a moment's thought makes it clear that it is enough to show that 
T = Tva- Due to the uniqueness property of Tra, we only have to show that 

(a) r is central; (&) T{pa) = da- 

To show (a), we have to show 

(a') i){xyfi) = i){yxf{), x,y G A"- 

Now, let p denote the automorphism of A satisfying %l}{ab) — %l}{bp{a)) for all 
a,b & A- Then we get ipiyxfi) = V'(a;/i/5(y)), so (a') follows if yfi = fip{y) 
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hold for all y E A, that is, if p{y) — /-1J//1, y € A. This follows from Lemma 
To show (5), we first observe that 

r 

k 

Using this, we show that Pafi = Ma u^. Indeed, we have 

= '5a/3$]/lK,)/l((<)*)/_l«,) 

while 

i i 

= 6afj^5uf-i{u^f^) = (5„/3/-l(ufj- 

i 

But then we get 

T{pa) = (l/Af„)V;(p„/i) = 5] V-^J 

and (&) is shown. This finishes the proof of (5) and of the proposition. □ 

Lemma 2.3. Let [A^ A) be an algebraic quantum group of compact type. Let 
p denote the automorphism of A satisfying •ip{ab) — ^j{bp{a)) for all a,b E A. 
Then 

P(a) = /-lo/i, aeA. 

Proof. Being of compact type, [A^ A) is unimodular, that is, the modular ele- 
ment (5 of ^ is trivial. Hence, it follows from ||^, Lemma 2.2] that p{a) — (5^(a))^ 
for all a E A. Therefore, we have 

p{a){b) = {S^{a)r{h)^v{bS\a)) 
= ^S-^{bS^{a)) = (p{S-^{b)a) = a{S-^{b)) 
= a{fi * b * = a((f-i t O /i)(A i)A{b)) 
= (Ai a /i)(A L)A{b) = (/-ia/i)(6) 
for all a,b E A, which proves the assertion. □ 
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3 Categorical interlude 

In this section we introduce Rep(^„, A„), Rep(^, A) and Corep(^r, A^^op) as 
concrete tensor C*-categories, and describe explicitly isomorphisms (of tensor 
C*-categories) between them. We also briefly mention some related categories. 
Finally, we establish the absorbtion property for the regular representation with 
respect to tensor product. 

3.1 C*-tensor categories associated with algebraic quan- 
tum groups 

We refer to ||l5|, ^ for terminology concerning tensor C*-tensor categories. Let 
{A, A) denote an algebraic quantum group. We begin with the category TZ = 
Rep(.4„,Au) and explain how it may be organized as a concrete tensor C*- 
category with irreducible unit. The objects in TZ are the *-representations it of 
Au acting on a Hilbert space H^^ satisfying the non-degenerateness (denseness) 
condition n(Au)'HTT = 'Htt- The family of arrows (or morphisms) between two 
objects TT and tt' is given by 

Mor{n,Tr') ^ {T e B{n^,n^,) \ T7r{a) = 7r'(a)T, \/a £ A} . 

The element l^r £ Mor(7r,7r) is given by the identity on Htt- The adjoint of an 
element T e Mor{n,TT') is given by its Hilbert space adjoint T* G Mor(7r',7r), 
so we clearly have ||T* T\\ = ||Tp. The tensor product tt x tt' of two objects 
TT and tt' is defined as tt x tt' = (tt 7r')A„, while on the arrows we have the 
usual tensor product of operators. The unit in the tensor category is given by 
e„. Note that this unit is irreducible, since Mor{eu,Su) = C. It is clear that 
this category has natural subobjects and that one may form direct sums in an 
obvious way. 

Next, we introduce the closely related category TZaig = Rcp(^, A). The 
objects in TZaig are now the *-representations tt of ^ acting on a Hilbert space H-j^ 
satisfying the non-degenerateness (denseness) condition tt{A)Htt = Hn- Arrows 
and adjoints are defined in a similar way as above. To define the tensor product 
of objects, we have to appeal to Proposition |2.l| . Let (pi and 02 be objects in 
TZaig, and consider 4>i (resp. 02) as a *-homomorphism from A into M(Bo(7i^-^)) 
(resp. M {Bq{T-L^^)) . As 0i and 02 are non-degenerate (by assumption), the 
proposition applies and produces a unique *-homoniorphism 0i x 02 from A 
into Af(Bo(H0j 0Bo(W0j) = M {BoiTi^,, (g> Ti^,,)) = B{Ti^, (E>n^,) such that 

(01 (oi) (g) 02(a2))(0i X 02)(a) = (01 02)((ai a2)A(a)) 

and 

(01 X 02)(a)(0i(ai) (g) 02(a2)) = (0i 02)(A(a)(ai 02)) 

for every ai, a2 £ A. Moreover, we have that (0i x 02)(^)(-Bo(''^0i) ® Bq{TL^^)) 
is dense in Bo{Ti.^i) BqIH^.^). It follows easily that 0i x 02, when regarded 
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as a *-homomorphism from A into B{'H^-^ ® 1^-4,2), satisfies the non-dcgcneracy 
(denseness) condition required for qualifying it as an object in Ti-aig ■ Finally, the 
unit in the tensor category is of course e. 

Not surprisingly, the following proposition holds: 

Proposition 3.1. Define P : TZ ^ T^aig on objects by P{Tr) = w o 7r„, and let 
P act trivially on arrows. Then P is an isomorphism of tensor C* -categories. 

Proof. The only non-trivial fact in this assertion is perhaps to show that P 
preserves tensor products. 

Let TTi, 7r2 be objects in TZ, and set ^1 = -P(7ri), ^2 = -P(7r2), ^ = P{Tri x 772). 

Wc have to show that (j> = (j>i x (t>2. 

Now, let a, 01,02 € A. Then we have 

^{a){(p-i{ai) O 02(02)) 

= (tti X 7r2)7r„(a)(7ri7r„(ai) (8) 7r27r„(a2)) 
= (tti (g) ■K2){AuTTuia)){TTi 7r2)(7r„(ai) (g) 7r„(a2)) 
= (tti (8)7r2)(A„7r„(a)(7r„(ai) (8)7r„(a2))) 
= (tti 7r2)(7r„ 7r„)(A(a)(ai 02)) 

= (f/*! 0</'2)(A(o)(Oi 0O2)). 

In the same way, one shows that 

(01 (ai) 02(a2))0(a) = (01 02)((ai O a2)A(o)). 

From the uniqueness property of 0i x 02,, we may then conclude that = 0i x 02, 
as desired. 

□ 

Another category C = Corcp(^j., Aj.,op) which may be organized as a con- 
crete tensor C*-category is defined as follows. The objects in C consist of unitary 
elements U lying in {M {Ar®Bo{Hu))) for some Hilbert space Hu and satisfying 
the corepresentation property 

{Ar,op<^t')U = Ui3U23- 

For objects U and F in C, we set 

Mor{U, V) = {Te B{nu,Hv) \ T{lu(E)l){U) = {lu(E)l){V)T , Vcj G M^. 

The element lu G Mor{U, U) is given by the identity on Tiu. The adjoint of an 
element T G Mor{U, V) is given by its Hilbert space adjoint T* G Mor{V, U), so 
we have \\T* T\\ = HTlp. The monoidal structure on the objects is determined 
by setting 



UxV = Vi3 U12 G M{Ar BoiHu) Bo(Wy)) = M(A <B) Bo{Hu Uv)). 
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(Clearly U x V is unitary. Moreover, 

(A^,op ^i')iU xV)^ (A^,op 8) i «) i)(^i3 U12) 

= {Ar^op ^ L ® i)(yi3)(A^,op ® I. (E) l){Ui2) 
= Vu V2i Ui3 U23 = Vu Uu V24 U23 = {UX y)i3(C/ X y)23, 

soU xV £ C.) The reason for "reversing" the "natural" tensor product will be 
evident from Theorem |3.3| . Again, on the arrows, we just set T x S = T ® S. 

The unit in the tensor category is given by / (g) 1 S M{Ar ® C), where / 
denotes the unit of M{Ar)- As we clearly have Mor{I ® 1, J® 1) = C, this unit 
is irreducible. 

For objects U, V in C, we say that U is (unitarily) equivalent to V , and write 
U ~V, whenever there exists a unitary T e Mor{U, V). 

One may clearly introduce several related tensor C*-categories, such as 
Rep(X, A„^op), Corep(A,A„), Corep(A,Ar) and Corep(A, A^^op), along 
the same lines. Note that in the sequel we always refer to the monoidal struc- 
ture defined in the same way as above. Nevertheless, it should be noted that 
there are relations between the possible choices of monoidal stucture in these 
tensor categories. For example, if one considers Corep(„4r, Aj.) with monoidal 
structure given by XxY = X12Y13 and Corep(^r, A^^op) with U xV — V13U12, 
then it is easy to check that the map X X* gives an isomorphism between 
these two tensor categories (acting trivially on arrows). 

3.2 Prom corepresentations to representations and back 

We now recall some results from 0. First, there exists an injective, not neces- 
sarily *-preserving, homomorphism Qr : A — > A* determined by 

Qr{a){Trr{b)) = b{S~\a)) = ip{S-\a)b), Va, b e A. 

In fact, there exists an injective homomorphism Q : A A4^ satisfying 
Q(a)|_^^ = Qr{a) for all a £ A, and such that Q{A) is norm-dense in M*. For 

all a G ^, we have Q{a) = i^A{a),A{c) (restricted to M), where c £ .A is chosen 

such that c S{a*) — S{a*) (such a choice is always possible). 
We will need the following lemma. 

Lemma 3.2. Let a £ A and assume that c £ A satisfies c S{a*) — S{a*). 
Then we have 



A(a) = (i t ip){{I 0/0 c*)(t A)A(a)). 
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Proof. Recall from ||^ that 

i 

where c S{a*) = ^ - A{pi){qi ® /) for some pi, qt £ A, {i — 1 . . . n). 
Note also that the inversion formula from ||2^, p. 1024] gives then 

Y,q^<^P^^ {{S-^ 0A5(a*))(c /). 

i 

Hence, we have 

i 

= ^ip{q,)^(bp,) = {ipQLp){{I ®b)C^q,®p,)) 

i i 

= i^b){{^ q^ 0k)) = {^b){ i)AS{a*))ic /)) ) 

i 

while 
for all & e yi. 

From the assumption and the fact that {ipb \ b £ A} separates points in A 
(since ip is faithful on A), we get 

S{a*) = {ipQ i){{{S-^ i)AS{a*)){c /)) = {cLp i){S-^ t)A5(a*) 

= (t c(^)(5 t)A(a*) = 5(t c(^)A(a*), 
where we have used that AS* = x{S © S)A. Therefore, we have 

a* = (t cip)A{a*) = (t ^)(A(a*)(/ c)), 

so 

a = (t0 93)((/0c*)A(a)), 

as t (y9 is ^-preserving. 
This implies that 

A(a) = A(i0v5)((/0c*)A(o)) 
= (6 1 (/5)(A c*)A(a)) 
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= (t i Lp){{I 0/0 c*)(A t)A(a)) 
= (i t 0/0 c*)(i A)A(a)), 

as asserted. 

□ 

The following result teaches us that C and TZ are isomorphic as tensor C*- 
categories. 

Theorem 3.3. Define F : C ^ TZ on objects by F{U) = ttu, where tt^ is 
determined by 

T^u{a) = {Qr{a) i)U, Va £ A, 

and let F act identically on arrows. 

Define G : 7?, — > C on objects by G{tt) = U-^, where [/^ is determined by 

n 

U^{A{a) TT{b)v) = ^ A(aj) ^T{b^)v 

1=1 

for all a,b £ A,v E Hj^, and the ai 's and hi 's are elements in A chosen as to 
satisfy A(a)(6 /) = X^ILi ® -^^^ ^ "^"^^ identically on arrows. 

Then F and G are covariant monoidal (tensor preserving) functors which 
are adjoint- and unit-preserving, and satisfy GF = id, FG = id. 

We also have F{W) = tt^ and F{I 1) = £„. 

Proof. The fact that F and G are well defined on objects is established in |Q, 
where it is also shown that GF — id, FG — id, F{W) — tt^ and F{I 1) = e„. 

We now check that F and G are well defined on arrows. Let U, V be unitary 
corepresentations of (^r, A^^op), and let T S AIor{U,V). Then, for all a £ A, 
we have 

T (Qria) i){U) = {Qr{a) l){V) T, 

hence, T 'Kjjifl) = ■'''v('j) T. As ^ is norm-dense in Au, we get Tt:ij(x) — Try (x)T 
for all a: £ that is T G Mor(7r[/, Try). Conversely, if T G Mor (Trj/, Try), then, 
using that Q{A) is norm-dense in one readily sees that T G Mor{U, V). 

It is obvious that /" and G are adjoint- and unit-preserving. To show that 
F and G are monoidal, that is, preserve tensor products, it is enough to show 
that F{U X V) = F{U) x F{V), that is, Tr^xv = Trj/ x Try, where U and V are 
unitary corepresentations of (^r, A^^op)- 

Let a, 5, / G A, ^ G Hi/jV G Wy . Then we have 
[{t:u X 7ry)(a)](Tr[/(6)^ nv{f)v) = [{t^U x Try)(a)](7r,7(6) Try(/))(^ r]) 
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= (7r[/©7n.)(A(a)(6®/))(e®r/). 

On the other hand, choose c € A such that c S{a*) = S{a*), so we have 
Qr{o) = t^A(a),A(c) (restricted to Ar)- Then 

T^uxvia) = {Qr{a) <8) 1 l){U xV) = (a;A(a),A(c) ^ i- t)(Vi3C/i2). 

Now, choose /ife, gfc € A,{k = 1 . . .n), such that A(a)(6 (8> /) = X^fc hk® gk- 

Further, for each k, choose e (Z = 1 ... n^), such that 

^{9k){f®I)=Y.fi®9k- 

I 

We then get 

( [(^c/xy)(a)](^c/(&)e®^y(/)r/) , ® V) 

= (143C/i2(A(a) 7rc/(&)^ 7ry(/)77), A(c) ^' V) 

= ^^(Vi3(A((7fe)(g)7rc/(/ife)^(8)7rv(/)77, A(c)(8)^'(8)?7') (using the relation between U and ttj/) 
fe 

= ^^(A((7[)(g)7r[/(/ife)5(g)7ry (/;)?;), h^{c)®£,' ®ri') (using the relation between V and -kv) 
k,l 

= Ek,i ^(c*5i) ((ttc/ © 7ry)(/ife © /;)(e © r?) , ^' © r?'), 
foralU'eWc/,r?'eWy. 

Therefore, it suffices to show that 

A{a){b(^f) = ^^{c*gi){hk(^fi). 

k,l 

Now, we have 

A(a)(6 /) = A(a)(6 © /)(/ © /), 

while 

1] ^{c*gi){hk © /i) = ^(t © L © ^c*)(/ifc © (^ /i © gi)) 

k,l k I 

= ^(i © L © (/JC*)(/ife © A{gk){f © /))) 
fe 

= ^2^1^^ (i©<^)((/©c*)A(5fc) (/©/)) 

fc 

= (1^ /ife ® (i ¥')((J ® c*)A(5fe)))(/ © /). 
fe 
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Hence, this reduces to showing 

A(a)(6 ® /) = ^ /ife ® (i ip){{I (g) c*)A{gk)). 

k 

Now, using the previous lemma, we have 

A(a)(fe /) = ((t t © ip){{I ®I® c*){i A)A(a)))(5 ® I) 
= (t i (^)((/ 0/0 c*){l A)A(a)(6 ®I®I) ) 
= {i&iQ ip)iil 0/0 c*)(t A)(A(a)(6 /))) 

= (i t (/?)((/ 0/0 c*)(i A)(^ hk 5fe)) 

fe 

= (t i ip){{I 0/0 c*)(^ /ife A(5fe))) 

fc 

= (i t /ife (/ c*)A(gfc) ) 

A; 

= ^ /ife (t (^)((/ C*)A(5fc)), 
fe 

which finishes the proof. 

□ 

We may duaUze this resuh by using Pontryagin's duahty for algebraic quan- 
tum groups |2^. Attached to (^, A), we can first associate an injective 

homomorphism Qr '■ A —>■ A* ~ A* which is determined by 

Qria){TTr{b)) = a{S (b)) = ip{S{b)a) 

for all a,6 G A. Then we get a functor F : Corep(^r,Ar) Rep(^„, A„_op) 
determined on objects by 

F{U){a) = (Qria) l)U, a e A, 

and acting trivially on arrows, which is an isomorphism of tensor C*-categories 
and satisfies F{W) — tt^, F{I®)1) — £„. We will write ttu for F{U) in the sequel. 

3.3 The absorbing property for tt^ and W 

We show that vr^ and W have an absorbing property with respect to tensoring, 
which is analogous to Fell's classical result for the regular representation of a 
group 101. 

Proposition 3.4. LetU be a unitary corepresentation of {Ar^ ^r,op) and Ijj = 
I ® Ihu ^6 trivial unitary corepresentation oj {Ar, Ar,op)- Then U x W and 
Ijj X W are equivalent objects in C. 
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Proof. Set T = xU* € M{Bo{nu)<E)Ar) C BiHu^H). It suffices to check that 
this unitary satisfies the relation 

T{lo^l){U xW) = {uj^l){Iu y<W)T, ^lo £ . 

After some manipulations, this relation reduces to 

(1/3*2^^131/12) = (t^®i®0(W'l3C/32)- 

Now, using the fact that is a multiplicative unitary, we get 

W13U12 = f/32W^13C/3*2 e M{Ar ® BoiHu ® W))- 

Thus, we have C/32 1^13^/12 — W^i3C/327 s.nd the result clearly follows. □ 

Combining this result with Theorem |3.3| , one gets at once that tt x tt^ is 
equivalent to 1^ x iTr for every tt e Rep(^„, A„), where G Rep(^„,A„) is 
given by I-^^a) = e„(a)/-H^, Va G 

By duality, we also have a similar result for tt,. and W. 

4 Conjugate and Hilbert-Schmidt corepresenta- 
tions 

In this section, we define the conjugate and the Hilbert-Schmidt corepresenta- 
tions associated with a unitary corepresentation. Such objects play an impor- 
tant role in the classical representation theory for groups and we will need these 
concepts in later sections. 

4.1 Conjugate corepresentations 

Let (A, A) be an algebraic quantum group and U he a unitary corepresenta- 
tion of (^,-, A,.). Let TCu be any Hilbert space such that there exists an anti- 
unitary map J : Hu Hu- Define then j : B(T-Cu) B{Tlu) by j{x) = 
Jx*J*, Vx e B{Hu)- Then j is linear, unital, normal, isometric, ^-preserving 
and anti-multiplicative, with inverse j~^{x) = J*x*J, x G B{T-lu)- Note that 
j{Bo{nu)) ^ BoCHu)- 
We may then define 

U = (i? ® j)U e M{Ar BoiHu)). 

Proposition 4.1. U is a unitary corepresentation of {Ar, A^), with Ti-jj = Tiu ■ 
Proof. We have 

U*U^{{R®mr{{R®3)U) = {R®3)[UU*) = {R®j){I) = huA.) ® Ihu , 
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and similarly 

UU* = Im(a^) ®1hu ■ 

Furthermore, 

= {x{R®R)®3){U2i){x{R®R)®j){Ui3) = ((i?«>j)C/)i3((i?®j)C/)23 = C/13C/23 . 

□ 

Remark. We clearly have U ^ U. 

Assume now that (A, A) is of compact type and let U be an irreducible 
unitary corepresentation of {Ar- A^), which is then necessarily finite-dimensional 

[nil- 

We will show that the conjugate of U, as defined above, agrees with the 
conjugate of U as defined by J. Roberts and L. Tuset We first recall their 
definition. 

Let U € AG B{Hu) be given by C7 = (* j)U, where j{x) = JxJ~^ for all 
X G B{Ti.u), a-iid J : Tiu Tiu is any anti- linear invertible operator such that 
J* J intertwines U and (5^ l)U. Recall here that S'^{a) ~ f-i * a* fi, a G A. 
Then (A i)C7 = C/13C/23 holds as A is *-preserving and j is multiplicative. 
The fact that U is unitary is shown in |2^. (Note that (S'^ Q i)U is the double 
contragradient representation; it is not unitary.) 

Proposition 4.2. Assume that (A, A) is of compact type and let U be an ir- 
reducible unitary corepresentation of{Ar,^r)- Let U = {R®j)U denote the 
conjugate of U as we have defined it before. Let then J : Tin —> TLjj be defined 
by J — ((/1/2 Q j)U)J. Then J is an anti-linear invertible operator such that 
J* J intertwines U and (S^ l)U. Further, we have U = U , where U is defined 
as above. 

Proof. It is easy to check that (/1/2 Qj){U*) is invertible with inverse given by 

i{fi/2&j)u*r' = (/i/2 0j)f/. 

Weset T/ = /0((A/2 0j)[/*). Then (V*)-^ ^ I G {f-1/2 & .])iU*). 

Recall from that R — STi/2 — Tj/2'S', where Ti/2{a) — /1/2 * a * f-i/2- 
Therefore we have 

u = in/2 j){S l)u = in/2 m* 

= {f-1/2 t /1/2 J)((A i)A) l)U* 
= (/-1/2 1 /1/2 j)((A i lKU^sU^s) 
= {f-1/2 i /1/2 / f/*)(A i t)(t/i*3) 
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= ((/-1/2 © t © /l/2 ©i)(A © i © oW^sW 

= {{f-i/2@iQj){AQt)U*)V 

= ((/-1/2 © i © j)(t^r3)(/-i/2 © ^&j){u;,))v 

= [I ^ if -1/2 ®j){U*)){'^Qj){U*)V 

From this, we get 

U = Qj)U = {* Q J ■ J-'^)u = U, 

(using that (/i/2 ©j)'^ = ((/-1/2 © = {{fi/2 Q j){U*)r-\ the first 

equality hero relying on 

Ihu = (£ © = (/l/2 © /-1/2 © 0(A © i)U = (A/2 © /_l/2 © 0(f^l3f/23) 

= ((/l/2 0^)?7)((/-l/2©')C/).) 

Finally, we check that J* J intertwines U and (5^ t)U. Observe first that 

rj = r {{h/2 QjWrHf 1/2 Qj)u)J = r{{f-i/2Qj)u*mi/2®j)u)j 

= J* {{f -1/2 &j)ur\{f 1/2 Qj)u) J = ^*((/i/2 ©i)c/)((/i/2 ©i)c/)J 
= r{{fi®3)u)J = ((/i © ^Wr = Fu = Fu, 

where Fu = (/i © i)U. 

Now, inserting a = (i u})U in 5^(0) = /_i * a * /i, we get 

(S'2 Lv)U = S^{{l uj)U) = /_i * (i u)U * /i 
= (A © t © /-I © [[(A OA] Ql]U 
= {fi@iQf-i@oj){AQiQL){AQi)U, 
for all u) e B{Hu)*- Therefore, we have 

{S^Ql)U = (/i0t0/_i0t)(A0i0i)(C/i3C/23) = [/0(/i0/.)C/]t^[^©(/-i©OC^], 

hence {S'^ Q i)U = {I ® Fu)U{I (E> F^^). Thus J*J = Fu intertwines U and 
{S^ as claimed. 

□ 
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4.2 Hilbert-Schmidt corepresentations 

Let (A, A) be an algebraic quantum group and U be a unitary coreprescntation 
of {Ar, Ar). We introduce the Hilbert-Schmidt corepresentation Uhs associated 
with U and show that U x U Uhs- 

We let J and j be as in the previous subsection and denote the Hilbert- 
Schmidt operators acting on Hu by HS{TLu)- We recall that HS{TCu) is a 
Hilbert space with inner product {x,y) = Tr{y*x), x,y € HS{'Hu), where Tr 
denotes the canonical trace on B{Hu)- 

We define first a unitary V : Hu <?> 'Hu HS{Hu) by 

Define then a normal unital *-isomorphism V : B{Hu<Si'Hu) — > B{HS{Hu)) 

by 

V{X) = VXV*, X e B{Hu O Hu)- 
Note that V{Bo{nu » Wy)) = BoiHS{nu))- Further, let 

L(g>V: M{Ar (E) BoiHu O Hu)) ^ M{Ar (g) Bo{HS{nu))) 

denote the canonical extension of 

L^V:Ar® BoiHu <8> Hu) ^ A O Bo{HS{nu)) C M(A O Bo{HS{nu)))- 

It is clear that (- (8> V is a unital ^-isomorphism. 
Define then Uhs G M(A O Bo{HS{Hu))) by 

«7hs = (i®V)(Fx [/). 

Proposition 4.3. Uhs is a unitary corepresentation of {Ar,Ar), withHuHs — 

HS(7iif), which is equivalent to U x U. 

Proof. Uhs is unitary as V is a unital *-isomorphism and U xU is a unitary. 
Moreover, 

(Ar (g> l)Uhs = iL^L(g> V)iAr (g> l)(U X U) = {U H s)i-i{U H 3)2^ 

since U xU satisfies the corepresentation property and l® l®V is multiplica- 
tive. Finally, as {(jJ^l)Uhs^ = V{u)^i){U x U), iv G A4*, we see that Uhs is 
equivalent to U xU with unitary V € Mar {Uhs, U xU). □ 

It will be useful for us later to have another way of looking at Uhs- 

Let I (rcsp. r) : B{Tlu) B{HS{Hu)) be the normal *- homomorphism (resp. 
*-antihomomorphism) defined by 

Kx){y) = xy (resp. r{x){y) = yx), x G B{'Hu),y e HS{Hu)- 
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It is then straightforward to check that 

V{I(E)x)V* = lix), X e B{nu), 

V{z d) I)V* = r{r\z)) , z e BiUu). 
Using these relations, one easily gets 

V)Xi3(/® V*) = , X e B{n)®B{Hu), 

(/(g) v)Zi2(/® V*) = , z c,B{n)®B(Hu). 

Now, regarding U E M®B{rLu) C B{'H)®B{Hu), we have : 
Proposition 4.4. Uhs = {l®1)U {R®r)U . 
Proof. Indeed, 

Uhs = (/0V)C/i3l7i2(/«)V*) 
= (/ ® V)t/i3(/ ® V*){I ® V)Ui2{I ® V*) 
= {t&)U{L^rj''^){R^j)U = {L^l)U{R^r)U. 

□ 

Remark. One may also associate with U another Hilbert-Schmidt corepresenta- 
tion Uhs' of {Ar, Ar) on HS{Hu) which is given by 

Uhs' = {i®Vx)iU xU), 

where x denotes the flip map from B{TLu ® T^u) to B{Ti.u ® 'Hu)- One eas- 
ily checks that Uhs' U xU :^ (U)hs, and that Uhs' = {R®r)U {l®1)U . 
The two Hilbert-Schmidt corepresentations associated with U agree when A 
is commutative, but it is unclear whether or when they are equivalent in the 
non-commutative case. 

5 Co-amenable unitary corepresentations 

Inspired by [|| Theorem 2.5] and Theorem 4.2], we introduce the notion of 
CO- amenability for unitary corepresentations of {Ar,Ar)- 

Definition 5.1. Let (^, A) he an algebraic quantum group. A unitary corepre- 
sentation U of (Ar, A^) is said to be co- amenable if there exists (j) G S{Ar) such 
that {(j)® i)U = I-Hu ■ 

Note that we can equivalently require that cj) G S{B{H)) in this definition. The 
following result shows that this definition is consistent with the notion of co- 
amenability for algebraic quantum groups. Recall from Q (see jsj for the 
compact case) that an algebraic quantum group (A, A) is co- amenable if its co- 
unit e is bounded with respect to the norm on A given by ||a|| — ||7rr(a)||,a £ A. 
Equivalently, {A, A) is co-amenable if there exists a bounded linear functional 
Sr '■ Ar — > C such that (t ® £r)Ar — (sr ® i)Ar — L. The map Sr is then a 
*-homomorphism from Ar onto C and the existence of such a homomorphism 
characterizes the co-amenability of (^, A). 
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Theorem 5.2. Let {A, A) be an algebraic quantum group. Then the following 
conditions are equivalent: 

(1) {A, A) is co-amenable; 

(2) W is co-amenable (as a corepresentation); 

(3) all unitary corepresentations of{Ar,^r) CLre co-amenable. 

Proof. The equivalence (1) <^ (2) follows by Theorem 4.2]. The implication 
(3) (2) is obvious. In order to show (1) (3), we set (j) — Sr and let t7 be a 
unitary corepresentations of {Ar,^r)- Then 

U = {i®er® L){Ar (g) i)U 
= ii(E>Sr<E) l){Ui3U23) 
= U{I® [Sr ® l)U) 

(here / denotes the unit of M{Ar)). Multiplying by U* from the left, we get 
I ® Ihu = I ® {^r ® i^U and therefore {Sr l)U = luu ■ ^ 

The next result may be seen as an analog of Day's classical characterization 
of the amenability of a group. 

Proposition 5.3. let U be a unitary corepresentation of (.4,., A^). Then the 
following conditions are equivalent: 

(1) U is co-amenable; 

(2) there exists a net (vi) of unit vectors in 7i such that 

lim ||t/(w,0O-"»®Cll2 = O, V^eHu 

i 

Proof. (2) (1): By weak*-compactness of S{B{Ti,)), the net of vector states 
(ujy.) has an accumulation point in S{B{Ti)). Passing to a subnet of (vi) if 
necessary, we may suppose that (t>{x) ~ limi{xVi,Vi), x G B{'H). 

Now, by assumption, we have lim^ ||C/(wi ®£,) — Vi (Xi^lU = 0, for all ^ G Ti-u- 
Thus 

oj^{{(f)® l)U) ^ 4>{{b ® ujs)U) =\\m{{L®u)^){U)vi,v.i) 

i 

i i 

for every ^ e Hu. Since the set of vector states lj^ separates the elements of 
Bin), it follows that ((/) (g) i)U = L 

(1) => (2): Let (j) G S{B{H)) be such that (0 » i)U = L As M acts 
standardly on 7i, there exists a net (vi) of unit vectors in Ti such that 4'{x) = 
limi{xvi,Vi), X A4. Then, for all v G Tiu, 

\im{U{v^(E)£,),Vi(g)^) ^ lim{{L (g) uj^){U)vi,v,) =0((t®w^)C/) = ^^((^ (g) t)C/) 

i i 

The conclusion follows easily from this. □ 
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We may use the results in section 3.1 to transfer the notion of co- amenability 
from corepresentations to representations : the ^-representation ttij of Au asso- 
ciated to a unitary corepresentation U of (^rj^r) is said to be co-amenable if 
U is co-amenable. We have for the moment no intrinsic characterization of this 
notion. 

Finally, concerning compact matrix pseudogroups we mention: 

Proposition 5.4. Suppose that (Ar,Ar) is a compact matrix pseudogroup with 
fundamental unitary corepresentation U (so U is finite- dimensional with matrix 
elements generating Trr{A) as a ^-algebra). Then U is co-amenable if, and only 
if, {A, A) is co-amenable. 

Proof. This result is merely a restatement of [|[ Theorem 2.5]. A sketch of 
the argument is as follows. Write U = ® ^ijj where Uij G A and 

the Cy 's form a usual system of matrix units for B{Hu). If £ S{Ar), then 
{(I)®l)U ~ Ih,j if, and only if, 4>{uij) = Sij for all i,j if, and only if, ~ e. □ 

In fact, more generally, Theorem 2.5] may be restated as saying that if 
(.4, A) is of compact type and [/ is a unitary corepresentation of {Ar, A^) such 
that its matrix elements generate Ar as a C*-algebra, then {A, A) is co-amenable 
if, and only if, U is co-amenable. 

6 Amenable unitary corepresentations 

We first recall the following definition due to M. Bekka A continuous unitary 
representation w of a locally compact group G on a Hilbert space 7i„ is called 
amenable if there exists an invariant "mean" on B(Ji.u), that is, if there exists 
m„ e S{B{Hu)) such that 

mu{ugxu*g) = TO„(a;), Va; G B{Hi,),\/g G G. 

This definition has no obvious counterpart in the quantum group setting. 
However, Bekka also introduces a notion of "topological" invariant mean whose 
existence is equivalent to the amenability of u, see [||, Theorem 3.5]. Inspired 
by this result, we introduce the following notion: 

Definition 6.1. A unitary corepresentation U of{Ar, A,,) is called left-amenable 
(resp. right- amenable) if there exists mjj (resp. rn'jj)) G S{B{Tiij)) such that 

mu{{oj®i){U*{I ® x)U)) = Lo{I)mu{x) 

(resp. m'jj{{LO®i){U{I ® x)U*)) = uj{I)m'jj{x)) 

for all X G B{Hu),^^ e 

The state mjj (resp. m'^) is called a left-invariant (resp. right-invariant) 
mean for U . 
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Remarks. 

{i) When U is the unitary corepresentation of (Co(r),A) associated to a 
unitary representation u of a discrete group T, one easily checks that U is left- 
amenable (resp. U is right-amenable) if, and only if, u is amenable. This is a 
simple consequence of the fact that {SjI^l)U — u-y, where the delta function at 
7 £ r, 6j, is considered as an element of ^^(r), that is, of the predual of £°°(r). 
Further, in this case, it is quite obvious that a left- (resp. right-) invariant mean 
for U is both left- and right-invariant. 

(a) We don't know whether the existence of a left-invariant mean for U 
is equivalent to the existence of a right-invariant one in the general situation. 
However, we have U is left-(resp. right-) amenable if, and only if, U is right-(resp. 
left-) amenable. 

Indeed, iimu is a left-invariant mean for U, then mjjoj^^ is a right-invariant 
mean for U . If m'jj is a right-invariant mean for U, then oj is a left-invariant 
mean for U. The resp. assertions are proven similarly. 

(Hi) The property of left-amenability (resp. right-amenability) is clearly 
invariant under unitary equivalence. 

(iv) By "linearizing" the concept of amenability, one gets a related, but 
seemingly independent, notion: a unitary corepresentation U of (Ar, A,.) is said 
to be hypertracial if there exists m'^ G S{B{Tiij)) such that 

m'{j{{u^L){U{I ® x))) = m'{j{{to^L){{I ® x)U)), Vx e B{Hu),yuj e M,. (1) 

Actually, condition (|l]) is equivalent to 

m'{j{{uj®L)iU)x) = m'{j{x{LU^L){U)) Vx e B{nu),'iuj e M^, 

which in turn is equivalent to 

m'u{TTu{a)x) — m'jj{xTfu{a)),yx G B{Hu), Va G ^„ . 

Hence, hypertraciality of U is equivalent to hypertraciality of ttu in the sense 
of 1^. This hypertrace property is easily seen to correspond to left- and right- 
amenability in the case of a corepresentation arising from a unitary representa- 
tion of a discrete group. 

Now recall from j6| ^ that an algebraic quantum group {A, A) is called 
amenable if there exists a left-invariant mean for (A, A), that is, if there exists 
m G S(M) such that 

TO((w(g)t)Ar(x)) = uj{T)m{x), \fx G 7W,Vw G M*. 

A right-invariant mean for {A, A) is defined similarly. By composing with the 
anti-unitary antipode R (which is defined on A4 , see ^ ) , one easily sees that 
the existence of a left-invariant mean for [A, A) is equivalent to the existence of 
a right-invariant mean for it. It is then straightforward to check that (A, Aop) 
is amenable if and only if {A, A) is amenable. 
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The following result is well known (see g for the equivalence between (3), 
(4) and (5); the equivalence between (1), (2) and (3) is merely classical, as 
explained in 

Theorem 6.2. Let T be a discrete group and let (A, A) be the algebraic quan- 
tum group associated with A — C[r], the group-algebra ofT, so A = Cc(r). 
Then the following are equivalent: 

(1) {A, A) is amenable; 

(2) (.4, A) is co-amenable; 

(3) T is amenable; 

(4-) the (left-) regular representation XofTis amenable; 

(5) all unitary representations ofT are amenable. 

In the case of an algebraic quantum group, it is known that (1) implies 
(2). The converse implication is only known to hold when [A, A) is compact with 
a tracial Haar functional . We will give another proof of this result in Section 
9. However, amenability of an algebraic quantum group may be characterized 
through amenability of its corepresentations as follows. 

Theorem 6.3. Let {A^ A) be an algebraic quantum group. Then the following 
conditions are equivalent: 

(1) {A, A) is amenable; 

(2) W is left-amenable (as a corepresentation) ; 

(3) W is right- amenable (as a corepresentation); 

(4-) all unitary corepresentations of{Ar,Ar) are left- amenable. 

(5) all unitary corepresentations of {Ar^^r) a'^e right- amenable. 

Proof. The implications (4) ^ (2) and (5) =^> (3) are obvious. The equivalence 
between (2) and (3) is just a special case of (m) in our previous remark. 

(2) (1): Let mw £ S{B{Ti)) be a left-invariant mean for W, and let m to 
be the restriction of mw to M.. Then m is clearly a state, which is left-invariant 
since 

m{{ijj®L)l\r{x)) = mw{{'^®''){W*{I ® x)W)) = uj{T)mw{x) = uj{I)m{x), 

for aU X e M,uj e M* . 

(1) =4' (4) and (1) ^ (5): Let m be a left-invariant mean for (^, A) and 
let U he a, unitary corepresentation of {Ar, A^). We pick a normal state on 
BiHu) and define mu e S{B{nu)) by 

mu{x) = m{{Lm)iU*{I (g) x)U)), x e B{nu). 
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Then we check the vahdity of the equation expressing the left-invariance prop- 
erty of m[/ : the l.h.s. is 

mu{x) = m{Lm){U*{I [{io®i){U*{I ® x)U)])U) 

while the r.h.s. is equal to 

uj{I)muix) = Lo{I)m{{Lm){U*{I ® x)U)) 

= m(a;(i)t)A((t®il)(J7*(/ ® x)U)) (using left-invariance of m) 
= m(cj(g)t)(i®Kg)f])(A®t)(t/*(/(X)a;)f7) 
= TO(w(X)0(t'X)''«)f^)(((A(g)t)C/)*(/ ® / ® x)(A®t)C/) 
= m(tj(8)t)(K8)t®fi)((?7i3C/23)*(/ ® ® a;)C/i3C/23) 

= m{L^n){0J^L^t){U23U^3{I (E)I(E) x)Ui3U23)- 

Hence, the desired conclusion follows from the identity 

U*{I(g>[{LU(g)L)iU*{I ^X)U)])U = {LU(E)L(E)L){U;.iU*.i{I(E) I ^ x)Ul3U23) 

which is easily verified. 

Similarly, we define m^ G S{B{Hu)) by 

m'uix) =mo R{{Lm){U{I ® x)U*)), x e B{nu)- 

Then, using the right-invariance of m o i?, one now checks that m[j is a right- 
invariant mean for U. 

It clearly follows that all stated conditions are equivalent. 

□ 

Wc know from Theorem 4.7] that co-amenability of {A, A) implies that 
{A, A) is amenable, hence that {A, Aop) is amenable. By combining this fact 
with Theorem |5.2| and Theorem |6.3| , we see that if all the unitary corepresen- 
tations of (,4r,Ar) are co-amenable then all the unitary corepresentations of 
{Ar,^r,op) are amenable. This lends some evidence that there might be some 
correspondence between co-amenable elements in Corep(^,., A^) and amenable 
elements in Corep(^,., A^.op)- 



By using Theorem 3.3, one may clearly transfer the notion of amenability 
to representations of algebraic quantum groups. Theorem 6.3 may then be 
reformulated in an obvious manner. 

An analog of Theorem 3.6], which characterizes the amenability of a 
unitary representation of a group, is as follows. 
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Proposition 6.4. Let U be a unitary corepresentation of [ArT^r)- Organize 
TC(Ji.u), the trace class operators on Ti.u, o,s a Banach Ai^-module by means 
of 

Tr{{uj ■ s)x) = Tr{s{uj®L){U*{I x)U)), 
oj e M^,se TC{nu),x e B{Hu). 

Then U is left- amenable if, and only if there exists a net (si) in TC{Hu)t such 
that 

lim • Si - sji = 0, VcjgTW*. 

i 

Proof. The proof is an easy adaptation of the proof of [|[ Theorem 3.6]. If 
(si) is a net as above, then a left-invariant mean for U is obtained by picking 
any weak*-hmit point of the net (rui) C S{B{TCu)) given by mi(-) — Tr{si-). 
Conversely, assume that mjj is a left-invariant mean for U. As the normal states 
are weak*-dense in S{B{Hu)), we may pick a net (ti) C TC{'Hu)t such, that 
mu is weak*-limit point of the net {Tr{ti ■)) C S{B{TLu))- Namioka's classical 



argument |25| gives then the existence of a net (s^) with the required properties. 

□ 

One may clearly also obtain a similar characterization of right-amenability 
for unitary corepresentations of {An^r)- 

To illustrate the notion of invariant mean for corepresentations, we now 
consider the case where [A, A) is of compact type. Let then U he a finite- 
dimensional unitary representation of {ArT^r)- As (.A, A) is amenable , se e the 



paragraph preceding Theorem 4.7 in ^J, we deduce from Theorem 3^ that 
all unitary corepresentations of {Ar,^r) are left- (and right-) amenable. We 
shall now describe somewhat more explicitly a left-invar iant mean mu for U , 
following the construction given in the proof of Theorem |6.3| . 

Identifying A with the dense Hopf *-subalgebra UriA) of {Ar, A^), we may 
write U = Oi ®bi e AQ B{Hu) for some ai, . . . , cat G A,bi,. . . , , 6jv G 
B{Hu)- Recall that a left-invariant mean for U is provided by 

muix) = ipr{{im)iU*{I (g) x)U)), X e B{n), 

where we have the freedom to choose any il e B{Hu)ti- '^u — dim'Hf/ and 
let T = l/dfjTr, denote the normalized trace on B{Hu)- Plugging in = r, we 
get 

muix) = ipr{{L(Sir){U*{I x)U)) 

= ^ (^(t ® T){a*aj b*xbj)) 

i,3 



J2^ia*aj)T{b*xbj) 

if{a*aj)bjb* 



1,3 
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so that mu{-) = Tr(ii'c/-), where the density matrix Ku e B{Hu) is given by 

Ku = l/du{ipQi){U{a^L)U*), (2) 

where a is the automorphism of A given by a{a) = /i * a * /i, a G A. 

We remark that if ip is tracial, then /i = e, hence a = l and thereby 
= I/djj, that is, the left-invariant mean for J7 is just r. 

Now assume that U is irreducible. We write U = ® ^ji^ where 

Uij e >l and the m^'s form a system of matrix units for B{Hu) such that 
miknisr = SiriTisk and m*^ = mfc^. Using the orthogonality relation 

V>{{Ukm)*Uln) = {'i-/Mu)5mnf-l{uik) , 

where Mu denotes the quantum dimension of U, we get Then 

X] Vii'^ij)*'^ki)mikm*i = ^ {l/Mu)6jif-i{uki)6ijmik 

= ^{^/Mu)f-i{uki)mik 

= (du/Mu) f-i{uki)mik 

i,k 

= {du/Mu){f-i © i')C^ Uki O rriik) 

i,k 

= {du/Mu){f-iQi){U) . 

Hence, in this case, we get 

Ku = {f^i&i){U)/Mu . 

We summarize what wc have shown. 

Proposition 6.5. Assume that {A, A) is of compact type and let U be a finite- 
dimensional unitary representation of {Ar, Ar). Let du (resp. Mu ) denote the 
usual (resp. quantum) dimension ofU. and let a he the automorphism of A given 
by a{a) = fi * a * fi, a € A. Then a left-invariant mean mu for U is given by 
mu{-) = Tr{Ku ■), with density matrix Ku given by 

Ku = l/du{^Qi){U{a®i)U*). 

IfU is is irreducible, then 

Ku = {f-iQi){U)/Mu. 

7 On weak containment 

We discuss in this section the notion of weak containment for representations 
and corepresentations of algebraic quantum groups. We begin by discussing the 
stronger (and easier) notion of containment. 
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7.1 Strong containment 

We recall the following definition. 

Definition 7.1. Let {A, A) be an algebraic quantum group and let tti, 7r2 be two 
non-degenerate * -representations of Au- We say that tti is contained in tt2, and 
write TTi < n2, if there exists an isometry T e M or (711,712) ■ 

Observe that K = T('H,rJ is then a closed invariant subspace for 712- There- 
fore, if 772 is irreducible, then any non-degenerate ^-representation tti of Au 

contained in 7:2 is unitarily equivalent to 7:2- 

The interesting case where tti = e„ may be characterized as follows. 

Proposition 7.2. Let [A, A) be an algebraic quantum group and consider a 
non- degenerate *-representation tt of Au- Write tt = ttu for a unique unitary 
corepresentation U of {Ar , ^r, op) ■ The following conditions are equivalent: 

(1) Eu < TTu; 

(2) there exists a unit vector ^ G H-u such that {l^ui^)U = I £ M{Ar); 

(3) there exists a unit vector ^ in Hu such that U{v ® (^) = v ® ^, gH . 

Proof. We first show (1) implies (2). Assume that (1) holds. Then there exists a 
linear map T : C ^ Hjj such that T*T = 1 and Te„(a) = TTij(a)T for all a G Au- 
Consider the imit vector £, = T{1) oiUu- Then the adjoint T* : Uu ^ C is 
given by T*{ri) = {rj, ^) for all r] G Hu- Now, for all a € .4 C Au, we have 

Q{a){I) = {Q{a)^L){I 1) = e(a) = (e„(a)l, l)c 

= (r*7rf/(a)T(l),l)c = {7Tuia)T{l),T{l))n^ 

= {■^uia)^,Onu = iiQia)^'')U^,Onu = Q{a){{i^tJi)U) . 

Since Q{A) is dense in it follows that / = {l(S^lli^)U. 

Next, we show that (2) implies (1). Given a unit vector ^ satisfying (2), we 
define the linear isometry T : C — > Hu by T(l) = ^. By reversing the above 
calculations, we see that £„(a) = T*7Tu{a)T holds for all a G Au- It is easily 
checked that T e Mor{eu,TTu)- 

Finally, to prove the equivalence between (2) and (3), observe first that 
{l^u)^)U = / if and only if {uJv^uj^)U = 1 for all unit vectors v G H. Now, for 
a unit vector v €H, one easily checks that 

Hence, this equivalence is clear, and the proof is finished. 

□ 

Let U, V be imitary corcpresentations of (Ar, A, ). We say that U is (strongly) 
contained in V, and write U < V if there is an isometry T G Mor{U, V)- It is 
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an easy exercise to check that U < V if, and only if ttu < Try. One may then 



clearly obtain a result similar to Proposition 7.2. 

Example. Let {A, A) be of compact type and U be an irreducible unitary rep- 
resentation of (^r,Ar). Let {ci} denote an orthonormal basis for Hu and J 
be defined as in Proposition |4.2| . Then the isometry R from C into Hu (8) Hu 
determined by 



satisfies R G Mor{I (g) 1, 17 x U), as shown in |27|. Hence, J (8> 1 < J7 x [/. It 
follows that ^ = J*~^{^i) ® ei gHu ®Hu satisfies (U x U){ri ® = V ® ^ 
for all rj gH. Since {A, A) is compact by assumption, we know that all unitary 
corepresentations of (,4^, A^) are left- (and right-) amenable, as pointed out in 



the previous section. Indeed, we have seen in Proposition 6.5 that a left-invariant 
mean mu for U is given by 

mu{x) = Tr{Kux), x G B(Hu), 

where Ku = j^if-iQi)U. 
Now, let 

where V : Hu®Hu HS{Hu) is defined as in Section 4. It is then not difhcult 
to check by direct computation that we also have 

mu{-)^Tr{V(i) -Vii)), 

that is, we have V(OV(C)* = Ku- 



7.2 Weak containment 

Let [A, A) be an algebraic quantum group and let tti , 7r2 be non-degenerate *- 
representations of Au- As usual for representations of C*-algebras, we say that 
TTi is weakly contained in 7r2, and write tti -< 112, if Ker 1:2 C Ker tti. This relation 
is obviously transitive and reflexive, and, of course, vri < 1:2 implies tti ^ ^2- 

Proposition 7.3. With notation as above, we have tti -< 1^2 if and only if there 
exists a unique surjective *-homomorphism : tt2{Au) ^ t^i{Au) such that 
9TT2{a) = TTi{a), Va e A. 

Proof. This proof is easy and left to the reader. □ 

An almost immediate consequence of this proposition is the following. 
Corollary 7.4. ~< tt^ if and only if (A, A) is co-amenable. 
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Remark. Let {A, A) be an algebraic quantum group. Note that {A, A) is 
co-amenable if, and only if, tt ^ tt^ for every non-degenerate ^-representation tt 
of Au- Indeed, if {A, A) is co-amenable, then Au = Ar, that is, tt^ : Au Ar 
is injective (see Q). Therefore, {0} — Ker tt^ C Ker tt. On the other hand, if 
{A, A) is not co-amenable, then e„ is not weakly contained in tt^. 

We also remark that the condition £„ ^ tt and the condition tt ^ tt^ are 
generally independent of each other. In fact, if tt = e„, then the first is trivially 
satisfied, while the second holds if and only if {A, A) is co-amenable. On the 
other hand, if tt = tt^, then second is trivially satisfied, while the first holds if 
and only if if {A, A) is co-amenable. 

Definition 7.5. Let (A, A) be an algebraic quantum group. A non-degenerate 
* -representation n of Au is said to have the weak containment property (WCP) 
if £u -< TT, that is, Ker tt C Ker e„. 

Thus TT has the WCP if and only if there exists a *-homomorphism 9 : 
tt{Au) — > C such that 07r(a) = e{a) for all a £ ^ C Au- 

Definition 7.6. Let {A, A) be an algebraic quantum group, U, V be unitary 
corepresentations of (Ar, A^^op) cind let iru, Try be the associated ^-representations 

0f{Au,^u)- 

We say that U is weakly contained in V if ttjj is weakly contained in Try. 
Moreover, we say that U has the weak containment property (WCP) if the trivial 
corepresentation I ^ 1 is weakly contained in U, that is, if ttu has the WCP. 



Corollary 7.7. An algebraic quantum group [A, A) is co-amenable if and only 
if W , as a unitary corepresentation of {Ar, ^r,o-p)i has the WCP. 

Proof. As Tr^i^ = Tr^, see Theorem p73, this is just a reformulation of Corollary 



7.4, □ 



The weak containment property for unitary corepresentations may be char- 
acterized as follows. 

Theorem 7.8. Let {A, A) be an algebraic quantum group, U be a unitary corep- 
resentation of {Ar, ^r.op) o,nd let TTij be the associated * -representation of Au- 
The following conditions are equivalent: 

(1) L®l<U, that is, U has the WCP ; 

(2) there exists £ S{B{Uu)) such that ip{{uj(g)L)U) = lu{I), Vw G M*; 

(3) there exists a net (^i) of unit vectors in Hu such that 

lim - ^,||2 = Vw e H ; 



(J^) there exists a net (^i) of unit vectors in Hjj such that 
lim {U{v®£,^),v®S,^)^l, VweH, ||wl|2 
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Further, any of these conditions implies that U is left- amenable, right- amenable 
and hypertracial. 

Proof. The equivalence between (3) and (4) is elementary. 

(1) ^ (2) and (1) (4): Assume that I I -< U. By the remark follow- 



ing Definition 7.5 there exists a H<-homomorphism 9 : nir{Au) ^ C such that 
9{ttu{x)) = eu{x) for all x G Au- We extend the state 9 to a, state V' on B{Hu)- 
Then, for all a G ^ C we have 

= eu{a) = {Qr{a) ® 1) = Qr{a){I) = Q{a){I). 

Since Q{A) is dense in we get, by continuity, ^p{{(jj(§i)U) — Vw G M*, 

which shows (2). 

Further, >i!-homomorphism on Au, it is a pure state on Au- From 

[ p!o| Proposition 3.4.2, ii)], we can then conclude that there exists a net of unit 
vectors (fi) G Tic/ such that e„(x) = limi(7r(7(a;)^i, ^i) for all x e Since 
e« = V' ° ""a as above, this means that ipiu) = for all y G 7rt/(^„). 

As {lu^l)U € TTuiAu) (see 0, Theorem 3.3]) and tp{{uj®L)U) = oj{I), for all 
LU S A^H., we get lim^ w^. ((w^(i)t)f7) 1 for all unit vectors r] in H. This just 
says that liini{U{r] (g) ^i),?7 (8) ^i) = 1 for all unit vectors r] in H, hence that (4) 
holds. 

(2) ^ (1): Assume that (2) holds, and let ip be as in (2). Let x G Ker tt^/. 
Choose a sequence (a„) in A converging to x G Au with respect to the norm || • ||ti- 
Then, by continuity of 7rc/,we get (Qr(an) ^ t)?7 — 7r[/(a„) ^ 7rt/(a;) = 0. Using 
the assumption, we have 4'{{Q{o-n)®i)U) = Q{an){I) for all n. By continuity of 
tp we therefore get 

e«(a«) = Qr(an)(/) = Q(an)(/) 

= i^{{Q{an)^i)U) = ^{{Qr{an) ® i)U) ^ 0. 

Thus, by continuity of e„, we get £u{x) = lim„£,((a„) = 0, so a; G Ker 
Hence, (1) holds. 

(4) => (2): Let (^i)i be a net satisfying condition (4). Using Alaoglu's 
theorem, and passing to a subnet if necessary, there exists a V' G S{B{Hu)) 
such that i}}{x) = lim^ w^. (a;), for all x G B{Hjj). Since M is in standard form 
on H, any normal state on M is of the form coy for some unit vector v G Ti.. 
Then ■il;{{ujy^L)U) = lim^ ((tj„(8)t)J7) = lim^ (C/(u ^,), u (g) C«) = 1 ^ i^v{I), 
so ip satisfies condition (2). 

Hence, we have established the equivalence between conditions (l)-(4). 

Finally, assume that (2) holds and set mu = ^- Let uj G M^i- Then 
mu{{uJ®i)U) = u){I) = 1. As t/ is a unitary in M®B{T-Lu), it follows from 
the Cauchy-Schwarz inequality that the state mu{{!-o®L){-)) on M^B{Hu) is 
multiplicative at U and at U* . Hence, 

mu{{iLj(E)L){U*{I (g) x)U)) = mu{{Ld®i)U*)mu{{u)®i){I ® x))mu{{t^®i)U) 
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— mu{x) = u}{T)mij{x) 

for all X G BCHu) and cu g M^i- It easily follows that mu is a left-invariant 
mean for U. Similarly, mu is a right-invariant mean for U, and it also serves to 
show that U is hypertracial. This finishes the proof. □ 

Weak containemcnt and WCP for unitary corepresentations of {Ar, A^) are 
defined in an analogous way, via weak containement and WCP for the associated 
representations of Au- From a conceptual point of view, it is better to work in 
this setting, and we will often do this in the sequel. All statements concerning 
WCP for unitary corepresentations of {Ar, A^^op) have an analogous statement 
concerning WCP for unitary corepresentations of {Ar,^r)- For example, we 



have the following counterpart to Theorem 7.8 



Theorem 7.9. Let (A, A) be an algebraic quantum group and U be a unitary 
corepresentation of{Ar,^r)- The following conditions are equivalent: 

(1) I ®1<U, that is, U has the WCP ; 

(2) there exists G S{B{Hu)) such that iP{{ijj®l)U) = Vw G M^; 

(3) there exists a net {^i) of unit vectors in Tiu such that 

lim \\U{v (E)Vi) -v(E) Vi\\2 = 0, Vv e H ; 

i 

(4-) there exists a net (^i) of unit vectors in Tiu such that 

lim {U{v®£,^),v®^i)^l, VweH, ||wl|2 = l ; 



Further, any of these conditions implies that U is left- amenable, right- amenable 
and hypertracial. 

We will illustrate in the next section that amenability of U does not imply 
in general that U has the WCP. We now collect some elementary facts about 
the WCP. 

Proposition 7.10. Let (^, A) be an algebraic quantum group and let U,V be 

unitary corepresentations of{Ar,^r)- 

(1) IfU has the WCP, then U has also the WCP. 

(2) IfU and V have the WCP, then U y.V also has the WCP. 

(3) If U has the WCP, then Uhs has also the WCP. 

(4) If U X V has the WCP, then U is left-amenable and V is right-amenable. 

(5) If Uhs has the WCP, then U is left-amenable and U is right-amenable. 

Proof. The proof of assertion (1) is an easy exercise, left to the reader. Assertion 

(2) is a straightforward application of condition (2) in Theorem |7.9| . Assertion 

(3) follows from (1) and (2). To prove assertion (4), assume that U x V has 
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the WCP. The last assertion in Theorem |7.9| tells us then that U x V is left- 
and right-amenable. If now M G S{B{Hu) <S) B{'Hv)) is a left-invariant (resp. 
right-invariant) mean for U xV, then one checks without difficulty that rnuix) = 
M{x®Inv) (resp. m,'y{y) = M{Inu ® y)), x e B{nu) (resp. y € B(Hv)), is 
a left-invariant (resp. right-invariant) mean for U (resp. V). This shows (4). 
Finally, assertion (5) follows clearly from (4). 

□ 

Remark. Let u denote a unitary representation of a discrete group T. One of 
the main results of Bekka in is that u is amenable if, and only if, its associated 
Hilbert-Schmidt representation weakly contains the trivial representation. An 
interesting question is whether some quantum group version of this result is 



true, that is, whether the converse of assertion (5) in Proposition 7.10 holds, at 
least in some cases. We will return to this question in Section 9. 

Corollary 7.11. Let U be a finite- dimensional unitary corepresentation of {Ar, A^). 
Assume that {RQl.)U = U*. (This is known to hold in the Kac algebra case, cf. 
JT^ , Proposition 1.5.1] ). 

Then I ® \ < UhSi o,'^d U is both left- and right- amenable. 

Proof. Write U = Yl,i a-t^h, where Oi G A^, 5i G B(Tiu),i — I . ■ .n. We use the 



notation introduced in Section 4. Using Proposition |4^ we may write Uhs = 
{iQl)U{RQr)U. As {RQr)U ={iQr)U\ we have {RQr)U ^Y.jO.*j ®'r{b*)■ 
'Lei £, = Ihu G HS[Uu)- For any r] eHwe get 

UHsiv ®0 = ((i l)U{R r)C/)(?7 ® 
= (^ a, ® libMj2 «J ® ® ^) 

i 3 

= (^ a^a* ® l{bi)r{b*)){ri (g) ^) = ^ a^a* 77 ® b,b* 
= {J2 a^a* ® 6,6*) (77 ® ^ = ?7 ® C 

ij 

where, in the last equality, we have used the fact that ^ ■ Oja* (g) 6^6* = UU* = 



Iu^Ihu- Thus, appealing to Proposition 7.2, we have shown that I®1 < Uhs- 
We may then apply Proposition 7.1(\ (5) and conclude that U is right-amenable. 



Finally, as U is also finite-dimensional, we then easily deduce that U is right- 
amenable, hence that U is left-amenable. □ 



Proposition 7.12. Let (^, A) be an algebraic guantum group and consider its 
multiplicative unitary W as a unitary corepresentation o/(^r, A^). 

Then W has the WCP if and only if Whs has the WCP. 
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Proof. Using assertion (3) of Proposition 7.1C, it suffices to show that W has 
the WCP whenever Whs has it. So assume that I®1 ~<W. Using the absorbing 
property of W (cf. our remark after Proposition |3.4D , we obtain that Whs = 



W xW is unitarily equivalent to xW = Wi3{I-h ^Ih)i2 = W13. According 



to Theorem [7.9[, there exists V £ S{B{H (g) H)) such that tl){{uj^L^L)Wiz) = 
Lo{T), uj e M*. Define a state V' on B{n) by 'tp'{x) = a;), x G B{n). 

Then 

tp'{{uJ^L)W) = {uJ^l)W) = tlj{{uj^L®L)Wi3) = Uj{I). 



Using Theorem 7.9 again, we deduce that W has the WCP, as desired. □ 



Corollary 7.13. Let A) he an algebraic quantum group and consider the 
multiplicative unitary W as a unitary corepresentation of {Ar, ^r,op)- Then 

(■A, A) is co-amenable if and only if Whs has the WCP. 



Proof. We just have to combine the dual version of Proposition 7.12 with CoroL 



lary 7.7. □ 



Our interest in such a result is that it is presumably easier to establish that 
Whs has the WCP than to establish that W has the WCP if one wants to show 
that {A, A) is co-amenable. 

We conclude this subsection with another proposition involving containment 
and amenability. 

Proposition 7.14. Let (A, A) denote an algebraic quantum group and U, V be 
unitary corepresentations 0/(^^1 A^). 

If U is left- (resp. right-) amenable and U <V, then V is left- (resp. right-) 
amenable. 

Proof. Let T e Mor{U, V) be such that T*T = I and assume that U is left- 
amenable. Define f : B{nv) B{Hu) by f{x) = T*xT, and note that f is 
a normal *-preserving completely positive unital linear map. Then note that, 
since T G Mor{U, V) and T*T = /, we have 

{uj^i)U = T*{uj^i)VT 

for all (jj e A^* (the last equality can be checked for V elementary first and then 
by continuity). As { (uj^l) \ lo E } separate the elements of M®B{TLu)^ we 
get U = {L®f)V. 

Now, let mu G S{B{Hu)) be a left-invariant mean for U, so 
mu{{Lu(E)L){U*{I ® y)U)) = uj{I)mu{y) 
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for all y £ B{Hu) and lj e 

Define my G S{B{Hv)) by my = mijf. Then, for x £ B{Kv) and e Al*, 
we get 

TOy(a;) = muf{x) = m,7((w®t)(C^*(^ ® T{x))U)). 

Since ((.(KjT)!^ = C/ is unitary and l®T is completely positive, it follows from a 
well known result of M.D. Choi, see e.g. ||2^, 9.2 ], that l®T is multiplicative at 
V and V*. Hence, we get 

{L®f){V*{I ® x)V) = {i®f)V*{I ® f(x)){L®f)V. 

Thus 

mvix) = mu{{uj®i){i®f){V* {I ® x)V)) 
= mu{f{uj®i){V*{I®x)V)) 
= ■mv{{'jJ®i){V*{I ® x)V)). 

So my is a left-invariant mean for V and V is left-amenable. The proof of the 
resp. part of the statement is similar. □ 

It would be interesting to know whether this result still holds if one replaces 
strong containment with weak containment. Bekka has shown [||, Corollary 5.3] 
that this is true in the classical case. 

7.3 On property (T) 

We introduce a version of Kazhdan's property (T) for algebraic quantum 
groups. Then, as in the classical case, we show that every compact quantum 
group has property (T). This implies that none of the non-trivial irreducible 
corepresentations of a compact quantum group has the WCP. Furthermore, we 
show that compactness may be characterized by having property (T) together 
with co-amenability of the dual quantum group. 

Definition 7.15. Let (.A, A) be an algebraic quantum group. We say that 
[A, A) has property (T) if I ®\ ^ I ®1 <U for all unitary corepresenta- 
tions U of {Ar, Ar), in other words, if iu ^ ^ iu < for all non-degenerate 
* -representations vr of Au- 

Theorem 7.16. Let (^, A) be an algebraic quantum group of compact type. 
Then (^, A) has property (T). 

Proof. Let J7 be a unitary corepresentation of {Ar, Ar) and assume that U has 
the WCP. To show the theorem, we have to show that e„ < tt^/. 

Since („4, A) is of compact type, (^r, A^) is a compact quantum group in 
the sense of Woronowicz. Its Haar state is then left- and right-invariant, and 
it has a unique extension to a normal state on M. which we also denote by Lpr. 
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Now, let 1^ G Hu and set 77 = {{ipr (8) t-)U)£, G Hu- Then, for all v e H, we 
have 

U{v 77) = U{I (g) (lyCr ® C)> 



while 
But 



V (g) 77 = (/ (g) ® 0- 



/ ® (((^r (g = ((pr(-)I g) 

= (t g) (g t)(Ar g) i)?7 (using invariance of ipr) 

= (t (g (^r (g t)(C^13 t^23) = U{I g) (<y9r (g i)U). 

Hence, we get U{v g) 77) = tj g) 77 for all v ^ H. 



Using the dual version of Proposition 7.2, we will then have shown that 



£u < TTu if we can show that the vector 77 may be chosen to be non-zero. This 



may be seen as follows. Since U has the WCP, we know from Theorem 7.£ that 
there exists a state ip on B{Hu) such that ^{{(pr®i')U) = 1. This implies that 
{(pr'^t')U ^ 0. Hence, there exists at least one ^ G Hu such that 

^ (((p,(gi)C/)^ = ® = ^, 

as desired. □ 

Theorem 7.17. Lei A) be an algebraic quantum group. Then A) is of 
compact type if and only if (A, A) has property (T) and [A^ A) is co-amenable. 



Proof. If A) is of compact type, then we know from Theorem 7.16 that 
A) has property (T). Further, (^, A) is then of discrete type and therefore 
co-amenable [g. 

Conversely, assume that {A^ A) has property (T) and {A, A) is co-amenable. 



Then, using the dual version of Corollary 1_A, we get iu -< t^w, hence iu < ttw- 
This means that there exists a T : C Ti such that T*T — 1 and iu{y) = 
T*%w(y)T for all y S Au- Thus we have Su{y) — {'f''w{y)VjV) for all y G Au, 
where rj = T(l) is a unit vector in Ti. 

Let ip denote the vector state cj^ on B{H). Then, proceeding as in the proof 



of Theorem |7.8|, (1) implies (2), we get iP{uj'S)l)W = for all w G M^,. As ip 

is normal, this gives lu{l^iP)W — u){Iu) for all lo G hence {L®'tp)W = Iu- 
Since Ar is the norm closure of { (t(g)(/))H^ | </> G B{TC)^ }, we get Ih G Ar^ that 
is [Ar^^r) is compact, as desired. □ 

It is clear that a more detailed study of property (T) for algebraic quantum 



groups would be an interesting task (see |26| for the case of Kac algebras). 
However, we don't elaborate further on this as it would take us too far apart 
from our main theme in this paper. 
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8 Amenability vs. co-amenability vs. WCP 

Let (A, A) denote an algebraic quantum group and U he a unitary corepresen- 
tation of {Ar, A^). 

We show that some of the notions introduced in the previous sections concerning 
U are different from each other by producing counter examples to the various 
possible implications. We consider here only left-amenability, as we may obtain 
similar statements for right-amenability by considering the conjugate of U. 

(1) U co-amenable does not imply that U has the WCP. 

In fact, pick {A, A) of discrete type and such that {A, A) is not co-amenable 
(e.g. A = Cc(F2)). Then (.4, A) is co-amenable since it is of discrete type, 
cf. ^, Theorem 4.1]. Hence, every corepresentation of it is co-amenable, by 
Theorem |5.2|. In particular U is co-amenable. But U has not the WCP since 



{A, A) is not co-amenable, by the dual version of Corollary 7/7. 

(2) U has the WCP does not imply that U is co-amenable. 

Indeed, pick {A, A) non co-amenable and of compact type (e. g. ^ = C[F2]). 
Again pick U = W. Now, (A, Aop) is co-amenable (being of discrete type). 



Hence, U has the WCP, using the dual version of Corollary 7.7. On the other 



hand, U is not co-amenable, according to Theorem 5.2 



(3) U left-amenable does not imply that U is co-amenable. 

Again, pick {A, A) non co-amenable and of compact type and let U = W. 
Since any compact quantum group is amenable, see the paragraph preceding 



Theorem 4.7 in g, U is left-amenable according to Theorem 6.3. On the other 
hand, according to Theorem ^.2| , U is not co-amenable. 

(4) U co-amenable does not imply that U is left-amenable. 

Let (A, A) be non-amenable and of discrete type. Being co-amenable, all its 
unitary corepresentations are then co-amenable. However, they cannot all be 
amenable. 

(5) U left-amenable does not imply that U has the WCP. 

Indeed, let F be any non-trivial finite group and let A = C{T). Let A be the 
usual co-product on A. Then pick a non-trivial irreducible unitary representation 
u of r and let U be the unitary corepresentation of {Ar,Ar) associated with 
u. Now, it is clear that {Ar,^r) is amenable and has property (T) (since it is 
compact). Then U is amenable ( by Theorem |6.3| ), but U has not the WCP (as 
remarked at the beginning of subsection 7.3). 

Remark. Let (A, A) be of compact type. As used several times by now, 
(^, A) is then amenable and all the unitary corepresentations of (^,., A^) are 
therefore amenable. If {A, A) is also co-amenable (e.g. we may take the compact 
matrix pseudogroup A = SUg(2), cf. [|[ ||]), all these corepresentations are then 
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also co-amenable. Further, as {A, A) has property T, we get that none of the 
non-trivial irreducible corepresentations of {Ar, A^.) satisfies the WCP. 

On the other hand, {A, A) is always co-amenable since it is of discrete 
type. Hence, all the unitary corepresentations of (^r-, A^^op) are co-amenable. 
If {A, A) is also co-amenable, then we know that {A, A) is amenable, hence all 
these corepresentations are then also amenable. 



9 Amenability and discrete quantum groups 

As we pointed out in connection with Prop ositio n |7.10| , it would be interesting 
to know whether the converse of Proposition 7.10| (5) holds, that is, whether the 



right-amenability of U implies that Uhs has the WCP. It does in the classical 
case, and this is one of the major result in The problem of going from 
amenability of U to the WCP for Uhs seems much more delicate in the general 
case. 

We will now present a proof which works for an algebraic quantum group 
of discrete type having a (compact) dual with a tracial Haar state. As a conse- 
quence, we obtain a new proof of the fact that amenability of such a quantum 
group is equivalent to the co-amenability of its dual, which has been previously 
established by Ruan |2^, Theorem 4.5], see also 0. 

For notational reasons, we let {A, A) be an algebraic quantum group of 
compact type and consider its dual {A, A) which is then of discrete type. We use 
the description of {A, A) given in Proposition p.2| and the notation introduced 
there. We denote by S* = S'op the antipode of (A, Aop), and by R the anti- 
unitary antipode of (^r, A^^op) (which is defined on M). For each a & A, we 
denote the central minimal projection of M. which is given by TTr{pa) with the 
same symbol Pa- Further, we identify TTr{Aa) = PaTTriA) with Aa — Md^{C) 
and let Tr^ denote its canonical trace. Finally, we denote the canonical injection 
from A into by A. 

Let now U he a unitary corepresentation of (Ar, Ar^op)- We remark that, 
using the above identifications and the properties of Pa , one easily deduces that 

(p„ ® I)U = U{pa ® /) e i„ B{nu), U{pa ® y)U* eAaO HS{rLu) 

for all a e A and y £ HS{TLu)- We denote by Tq, the trace on Aa B{TLu) 
given by — Tr^ Tr, where Tr denotes the canonical trace on HS{TLu)- 
Further, we denote by || • jji^Q. and || • ||2,q the associated norms on Aa QTC{Ti,u) 
and Aa HSCHu), respectively. 
We establish a series of lemmas. 

Lemma 9.1. For each a £ A, set 

da 

ba^Ma £ /l(w^,K-, 
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so that we have ha = Pa- The following conditions are equivalent: 

(1) U has the WCP. 

(2) There exists a net (^i) 0/ unit vectors in Tin such that 

lim \\U{k{pa) ® 6) " (A(pa) ® idh = ya^A. 

i 

(3) There exists a state (f) on BiTiu) such that 

<^(K(p„)®Ot^) = ^A(p„)(^)' ^" G ^• 

(4) There exists a state 4> on BiJ-iu) such that 

(t>TTu{ho) = Ml, Va e A. 

(5) There exists a state (j) on B{Ti.ij) such that (pizjj = e„. 



Proof. (1) ^ (2) and (2) ^ (3) follow as in the proof of Theorem |7^. 

(3) (4) : Assume that (3) holds and let be as in (3). We will show that (p 
satisfies (4). Fix a ^ A. 

We first observe that S'(6* ) — ha. Indeed, 

sm = MaYJW!~)s{{n%r) 

= MaYM^)T. /lKfe)/-l«)<i 

k,l 

= Ma J2 /-l(K.)*)/-l«)/lKJ«S 
i,j,k,l 

= Ma ^ /-l(EK.)*<)/lKfc)<Z 
j,k,l i 

^MaY. f-^{5,a)f,{u%)uli ^MaY, flKM = ba. 
j,k,l k,l 

Thus, we have 

ba{S{{barT^PaPc.=Pa = 

Therefore, using the result from |^ recalled at the beginning of subsection 3.1, 
we have 

Q{ba) = t^A(b„),A(bo) = '^A(p„)- 

Using [0, Theorem 3.2] and the assumption that (j> satisfies (3), we get 

0(7r[/(6„)) = q}iiQiba)®i)U) 
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hj i 

and (4) is proved. 

(4) (5) : Assume (4) holds and let (j) be as in (4). Let rju be the state on Au 
given by rju = and let rj denote the restriction of to A. To show that ^ 
satisfies (5), that is r]u = £«, it suffices to show that r} = e. 

Fix a G A. As hiujdufj =T,ih* we have 

(*) ^(^/i*0=M„ = /i(^uS). 

i i 

Set d = and observe that we may write (*) as r}fi{d) = fi{d). 

Now, set Xij = /i/2 * ug. - A/2iufj)I e A. Then 

= E'?^^/!/^ * <)*(/l/2 * <■)) - 2Mfl/2iuf,)vifl/2 * <■)) + |/l/2K)|' 

-2iie(A;^E/v2K)'?(«ifc)) + 1/1/2(01' 

k 

= E(4i^(/)/i/2K)/i/2K))-2i?e(E'?("i'fe)/i/2Ki)/i/2(<))+E-^i(<») 
= E /V2Kfe)/i/2K) - 2i?e(r,/i«)) + E/i«) 

j,k i 

= 2E/i«i) - 2i?e(77/i«,)) = 2(/i(d) - ReivMd))). 

i 

Now, as r}fi{d) = /i(t^) = is real, we get 

77(E^i;-^i.)=o. 

Since 77 is a positive linear functional, this implies that 'q{X*^Xij) = for all 
Using the Cauchy-Schwarz inequality, we obtain r]{Xij) = for all «, j, that 

is, 

'?(/i/2 * wg- ) = /1/2 (wg- ) , Vi, j, 
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hence 

'7(/i/2 *a) = /i/2(a), Va e A, 

by linearity. 

For any b ^ A, we let a = /_x/2 * ^ find apply the above, this gives 

Vifl/2 * fl/2 *b) ^ /l/2(/-l/2 * b), 

that is, ry(6) = Thus, we have shown that ry = e, as desired. 

(5) ^ (1) : Assume (5) holds. Then we clearly have Ker ttjj C Ker e„, that is, 
U has the WCP. 

□ 

Lemma 9.2. Let a ^ A and set pp — S{pa). Then we have 

{SQi)((p^(it,I)U)^U*(pp®I). 
Proof. From the proof of Proposition 3.4], we know that 
S{{l®u})U) = {l®u){U*), uj e B{Hu)*. 

Hence, we get 

= S{{li^u;)U)pp = (t uj){U*)pfi 

= {L^Uj)(U*{pp(g)I)) 

for all cj e □ 

Lemma 9.3. Assume that U is right- amenable. Then there exists a net {yi) in 
{y e HS[rLu) 1 2/ > 0, ||y||2 = 1} such that 

\im\\U{pa®yi)U* -Pa^yih.a = 0, Va e A. 



Proof. We begin as in the proof of Proposition 6.4. Let m'jj be a right-invariant 
mean for U, so 

m'jj{(uj®i)U{I ® x)U*) = uj{I)m'jj{x) 

for all X G BiJ-Ljj), oj G As the normal states are weak*-dense in S{B{7iu)), 
we may pick a net (si) C TC{'Hu)t such that is a weak*-limit point of the 
net (rr(s,-)) C ^(^(Ht/)). 

Now, we define a net {yi) in {y G HS{Hu) I y > 0, ||j/||2 = 1} by setting 
yi = for all i. 

Let a G A. Hereafter, we write Ua to denote apa G Aa whenever a G A. 
Let b, b' G A. Set = p"^(6'q)6* . Then we have 



lim 
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lim Tr)((5; ® y^)U{I y,)). 



Thus 



lim(V; Tr){hlb'^ xyf - (S; y^)U{I y,)) = 0, 

i 

which gives 

lim(-0 Tr){ca xyf - (c^ yf)U{I x)U*) = 0. 
Now, write {pa = X^r <8) G -4^ B{'Hu)- 



Then, using that Tr is a trace at the third step and Proposition 2.2 at the 
final step, we get that 

(i/) Tr)(c„ a;y2 _ (c„ yf)[/(/ 
= {^Q Tr){ca xyf ) - ^(V" Tr)(ccara* yfx^xx*) 

= (V^ Tr){ca ® xyf ) — Tr){caaral xx^y^Xr) 

= (V" rr)((ca a;)(po - ^(a^a* x*yfxr)) 

r,s 

= rr)((cQ x){pa (^yf - ^ CLrPaal xly^Xr)) 

r,s 

= (Tr„ Tr)((ca x){paf-i » y ■ - X! «r-Paa*/-i ® a;*yf x^)) 

converges to zero. Note that if we let b and 6' vary in A, then will give 
all elements in Aa (using that A^ — A and Proposition 2.2). Hence, adapting 
Namioka's argument Proof of Theorem 2.4.2] by considering the locally 
convex product space Y\{Aa'iyiTC{'Hu),(^ & A} with the product of the || • |ji,Q.- 
norm topologies, we may in fact assume that 

lim \\paf-i yf -^arPaa*f-i x*yfxr\\i,a = 0. 

r,s 

Now, as Aa is a matrix algebra, we can apply any linear map on the first 
tensor factor and still keep convergence in 1-norm. Doing this with S{- /i) t, 
we get 

lim \\pf3(S)yf - ^S{a*Jpf3S{ar) (E) x*yfxr\\i,a = 0. 
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Now, Lemma ^ says that (S i,){pa <8i I)U) = U*{pp ® I). Using this, our 
last equation reads as 

hm \\pp ® yf -U{pp® yf)U*\\i.c, = 0. 
Using the Powers-St0rmer inequahty (see Lemma 4.2]), one gets then 
Um \\p(3 ®yi-U{pi3® yi)U*\\2.a = 0. 

i 

As a ^ /? is a bijection of A, we are done. □ 

Lemma 9.4. Assume that U is right- amenable and that [A, A) has a tracial 
Haar state. Then there exists a net (yi) in {y G HS{TLu) 1 2/ ^ Oi II2/II2 = 1} 
such that 

Um \\UHs{HPa) ® yO - Hpa) ® Vih = \/a<EA. 

i 

Proof. Since we assume that [A, A) has a tracial Haar state, it is well known 
that (A4,Ar) is a compact Kac algebra. Hence, (tW, Ar,op) is then a discrete 
Kac algebra and we may identify R with the extension of 5 to A^. Recall from 
Proposition 4.4 that 

Uhs = {i®l)U{mr)U. 
Let a e A, y e HS{Hu) and set pp = R{pa). Then 

Uhs{Hpc) «) 2/) = {i^l)U{mr){U){pc, (E> /)(A(p„) ® y). 
Now, using Lemma |9.2| , we get 

{mr){U)ipc, ®I) = {mr){{p0 ® I)U) 

= {LQr){RQL){{pp®I)U) = {iQr){U*{pa.®I)). 
Hence, it follows that 

UHs{MPcd®y) = {M)U{LQr){U*{po,®I)){k{pa)®y) 

= {lQ l){U{pa, ® r)((7*(p„ mMPc) y) - (A L){U{pa y)U*). 

Now, since ip is assumed to be tracial, we have /i = e. According to Propo- 
sition 2.2, we then have 

1p{x) = (BaTraiPaX), X € A. 

It follows that the Hilbert space norm on H®HS{Hu) agrees on each subspace 
A{Aa) QHS{Hu) with the || • ||2,Q-norm on Aa ® HS{TLu). Therefore, choosing 
the net (j/i) as the one provided by Lemma [9?^ , we get 

\\m\\UHs{KPod®Vi)-HPa)®Vih = \\C^®'^)(U{Pa®Vi)U*)-{kQi){pa®yi)\\2 

i 

= lim \\U{pa y-i)U* -pa® y^h.a = 

i 

for all a £ which shows the lemma. □ 
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We are now in position to derive the following analog of ^, Theorem 5.1]. 

Theorem 9.5. Assume that (A, A) is of compact type and has a tracial Haar 
state. Let U be a unitary corepresentation of (yl,.. A^^o 
amenable if, and only if, Uhs has the WCP. 



Then U is right- 



Proof. Assume that U is right-amenable. Combining Lemma 9.4 with Lemma 



we ded uce t hat Uhs has the WCP. The converse implication is shown in 
Proposition 7.10| (5). □ 



Remark. Let A) and U be as in Theorem 9.5. Recall from 4.2 that we can 
associate with U another Hilbert-Schmidt corepresentation Uhs' — {U)hs- As 
U is left-amenable if, and only if, U is right-amenable, we deduce from Theorem 
9.5 that U is left-amenable if, and only if, Uhs' has the WCP. 



As an application of Theorem 9.5 we give a new proof of the following result 
(see m Theorem 4.5], Theorem 1.1]). 



Corollary 9.6. Assume that [A, A) is of compact type and has a tracial Haar 
state. Then {A, A) is co-amenable if, and only if, {A, A) is amenable. 

Proof. We know from |Q, Theorem 4.7] that [A, A) is amenable whenever {A , A) 
is co-amenable. Assume now that [A, A) is amenable. From Theorem |6.3| , we 
deduce that W is right-amenable. Using Theorem 9.5, we obtain that Whs has 
the WCP. It follows from Corollary |7T| that {A, A) is CO- amenable. □ 



The question whether the traciality assumption in Corollary 9.6 may be re- 



moved remains elusive. It relies on whether the traciality assumption in Lemma 
9.4 may be removed. 
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